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O ! Abstract 



We discuss here classical solutions of Grassmannian models. We present some ex- 
pressions describing these solutions and discuss how to use these results to construct 
solutions of constant curvature. We also discuss values of this constant curvature. 
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'5 ! 1 Introduction 

Recently, we have presented an expression for the Gaussian curvature of holomorphic immer- 
sions into complex Grassmannian manifolds G(m, n) [1]. In this case G{m, n) was described 
by a n X TO complex matrix Z which satisfied 



(1) 



> 

\o - 

, where Im is the mxm unit matrix and as usual the symbol j denotes Hermitian conjugation, 

ly^ ■ In our previous paper [T] , we parametrized the Z matrix in the following way. We intro- 

duced Z a holomorphic nxm matrix obtained from a set a linearly independent holomorphic 
vectors /i, . . . , and L a to x to matrix such that: 



Z = ZL, (2) 

This parametrization was called orthogonalized parametrization. Then due to ([l} we have 
defined a new matrix M as follows: 



>^ 

C^; M = (W)-^ = Z'fZ. (3) 

We thus showed that the energy density C of this holomorphic immersion is given by 

C{Z) = IndetM (4) 

where the partial derivatives are such that d± = d^^ ■ The associated curvature of this 
immersion is P] 

ICiZ) =-^^d+d^ In C{Z). (5) 
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So the whole discussion of determining the admissible constant curvature holomorphic 
solutions of Grassmannian manifolds G{m, n) was reduced to having to find all possible 
holomorphic matrices Z and the corresponding curvatures that satisfy 

detM cx (1 + Ixp)'-, (6) 

where the positive integer r is related to the curvature by 

4 

1C=-. (7) 

r 

In our previous paper [T], we have also conjectured that, for m fixed, holomorphic solu- 
tions with constant curvature in G{m, n) can be constructed for all integer values of r such 
that 

1 < < f/i,max(™, n) = m{n - to). (8) 
In this paper, we go further and look at other solutions of the Grassmannian model, the 
ones which are non-holomorphic. This describes the ones for which Z is not constructed out 
of holomorphic vectors and for which the simplified formula (|4]) is no longer valid. There 
are several papers in which such solutions have already been studied. Some early papers are 
explicit in the construction of these solutions [3] , some more recent ones [4] are more general 
but less explicit. Our discussion will provide explicit formulae for some of these solutions 
and then we will concentrate our attention on studying solutions of constant curvature. In 
this we will rely heavily on Veronese curves and we will show that the admissible values of r 
in the expression ([7]) of the curvature follow an explicit rule and that they are greater than 
m(n — to), the maximal value for the holomorphic case, as given in ([8|). 

Section 2 presents a general discussion of solutions of the Grassmannian models. First we 
look at the simplest model, namely G{l,n) = CP"^^, and, for completeness, we recall the 
general way of constructing the solutions. We also discuss some properties of these solutions. 
This is then used in the Section 3 to discuss solutions of more complicated Grassmannian 
models. First we show how many properties of the CP"^^ solutions generalise to this case 
and then show how this discussion can be used to classify all solutions of constant curvature. 
We finish the paper with a short summary of our results and some conclusions. 



2 Grassmanian models 



2.1 General discussion 

General maps of into a Grassmaniann manifold G{m,n), n > m are given by n x to 
complex matrices Z subject to the constraint ([T|). Under global V G U{n) and local U S 
U{m) transformations these maps transform as 

Z VZU. (9) 

Minimal immersions are obtained by minimizing the energy functional 

S^- I C{Z) dx+dx^. (10) 

Here, x± = x ± iy are local coordinates in f2, an open, connected subset of the complex 
plane C. The Lagrangian density C is given by 

C{Z) = ^Tr [{D+Z)^D+Z + {D^Z)^D^Z] , (11) 

where D± denote covariant derivatives acting on Z : — > G{m, n) and are defined by 

D±Z = d±Z - ZZ'^diZ. (12) 
The Euler-Lagrange equations corresponding to (|lip take the form: 

D+D^Z + Z{D^Z)^D^Z ^0. (13) 
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2.2 Classical Solutions 



A construction of a large classe of classical solutions of the Grassmannian models G(m, n) 
is well known (see e.g. [5]). This construction gives all solutions in the G{l,n) case. For 
G{'m, n) with to > 1, situation is less clear but most (if not all) solutions can be constructed 
using the approach discussed in [S]. In any case, only such solutions have so far been looked 
at in any detail and in this paper we restrict our attention to using them and studying their 
properties. 

A possible way to find these solutions is to start with a set of holomorphic vectors 
/ir^'i/fc (i-e. functions of Here k can be any integer up to n — 1 (note that 

n > to). Then one considers another set obtained from this set by taking derivatives 
i.e. • ■ • , d+fk and d^fi, ■ ■ ■ ,d'^fk. One then constructs a matrix whose columns are 

the first set, then the next one and so on. Next, we use the Gram Schmidt process to 
orthogonalise all these vectors. 

Then we can take any set of to vectors from these orthogonalised vectors and take them 
as our matrix Z. The corresponding Z will solve the Euler-Lagrange equation and thus will 
define a solution of the Grassmannian model G{m, n). If the original vectors /i, • • ■ are 
all polynomial in then this solution will describe an immersion of into G(rn,n). 

Let us mention here a few classes of such solutions: 

• We take to holomorphic polynomial vectors (i.e. k = to). In this case we have a 
holomorphic solution. An example of such a case has been given in [6]. 

• We start with one function (/) only {i.e. k~l). Then our construction will be equiv- 
alent to defining the operator P+ as 

P+ : / £ ^ P+/ = d+f - ^y^f (14) 

and then applying it up to n — 1 times to / and to the new vectors obtained from it, 
i.e. 

Plf = P+iPl-'f). (15) 

A solution will involve taking for Z any to vectors from the orthonormalized set 

f p f P^^^ f 

{-TFT, Tpfij ■■• , pt-1 ,1 )■ In particular, we can take the first to of them. In this 

I J I I + J I I J I 

f f 

case, the solution is holomorphic. Or we can start taking, say, (jjy , ^pi ? • ■ ")■ The 

solution is thus harmonic (but non-holomorphic) of course the last vector of this series 
describes an antiholomorphic solution. 



In fact there are many more harmonic solutions than those described by our procedure 
given above. Thus we could 'miss out' some vectors from our original set or interchange 
them. In those cases, there are some conditions that the vectors have to satisfy in order 
that the final matrix Z solves the equations. The interested reader can find the discussion of 
these conditions in the original papers and in [5] where these papers have been referenced. 
Here we will restrict our attention to the cases mentioned above. 



2.3 Special case G(l,n) = CP"^'^ model 

In this case the matrix Z is (n x 1) and any solution of the Euler-Lagrange equations is 
given by 

Zi = (16) 

for some i — ■ ■ ■ n — 1 and some holomorphic vector / from the set mentioned above. For 
the map to be from S'^ and not the components of the vector / have to be ratios of 
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polynomials in a;+. In fact, due to the symmetry they can be given by polynomials in 

Of these solutions those corresponding to i = arc holomorphic and those corresponding 
to i = n — 1 are antiholomorphic. 

Consider now one of these solutions, say, corresponding to a general i for i ^ Q and 
i ^ n — 1. Then its energy density is given by [S] 



1 / i^r/P \nf? 
2 1 \pxi? |prvi2 



Let us note that 



5+a_in(|p;/|^) 



which, of course, is due to its topological nature. Hence its easy to check that 

c[z,) = ia+9_in(|p;/np-\/|4...|p_,/|4|/|4). 

Note that, in the holomorphic case (i — 0), we have 

1 \P+f? 1 



2 \f? 



d+d- ln(|/p 



(17) 



(18) 



(19) 



(20) 



Moreover, a few lines of algebra then shows that this expression is much simpler if we 
use the formulation involving 'wedge products'; namely we note that 



p+f - (/A9+/A---arV)^(/A9+/A---a;-VAav/), 

where ^ differs from = by an overall factor (up to irrelevant constants) 

1 

To go further we need to calculate 

l(/ A a+/ A • • ■ d^-'f)Hf A 9+/ A • • • A a;/)p. 

This, as is easy to check, is a product of determinants Mi^i and Mi, where 



(21) 



(22) 



(23) 



M,, 



det 



/ l/P Pd+f 
id+fYf \d+fr- 



(a+/)tarV 



n \pif?, Mo = 1. 



k=0 



(24) 

However, this is exactly what we need for rewriting £ in a simple way. Using the 
expressions above it becomes 



CiZ,) = i9+9_ln(M,+iM0. 



(25) 



We thus see that taking i = 0, we retrieve the holomorphic case ([^0]) . 

Next let us consider constant curvature solutions. This implies that we require to have 

M,+iAf, oc (1 + |x|2)'-'(i'") (26) 

for which the corresponding curvature /C is given by IC{Zi) = fjrii)' ^^^'^ following, we 
will determine all possible values of ri(l, n), where the label i is related to the solutions Zi 
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and (1, n) refers to the G(l, n) model. Wc already know that the only holomorphic solutions 
with constant curvature in CP"~^ are the Veronese minimal spheres [3J[S]. 

Let us show that, using the projector formalism, it is easy to determine all the possible 
values of the corresponding curvatures for non-holomorphic solutions when we talk about 
non-holomorphic solutions we use this term to denote solutions which are neither holomor- 
phic nor antiholomorphic. We will give a specific relation between constant curvatures of 
non holomorphic immersions of G(l,n) and of holomorphic immersions in higher dimension 
iG{l,N),N>n). 

Starting from the holomorphic Veronese curve /*^"^ : — CP"~^ : 






with constant curvature K,{Zi) = we get a set of linearly independent solutions given by 

pi f(^) 

{ |ptj(„)| ; j = 0,...,n— 1} following the procedure described above. To this set corresponds 
a set of orthogonal projectors /i(/'"^) defined as follows: 

pif(n) (pi /•(n))t 

^^(/^"^) \p^fin)]2 ^ ^ = 0' 1' - - 1 • (28) 

We have shown in [7] that, for each solution in this set, the curvature /C is related to the 
following quantity 

n{l,n) = Ain, P.(/("))) = (n - 1) + 2i{n - 1 - i). (29) 

This formula may be easily recovered from the expression of C{Zi) given in (|17p using 
the fact that 

im^^n' - r^^^(i + \^\'r''-''- (30) 

(n — 1 — ly. 

We see that ro(l,n) = r„_i(l,n) = n — 1. This is the minimal value of ri(l,n) in the 
set and it corresponds to the largest constant curvature K. = -^j for the holomorphic and 
anti-holomorphic solutions. We also have 

A(n,P„_(,_i) (/("))) = A(n,P,(/W)), (31) 

which implies that among the projectors of the set only 'a half of them' give rise to different 
curvatures. More precisely, for n ^ 2p we consider only the projectors with i = — 1, 

while for n = 2p + 1, we take i = 1, . . . , p. 

Now, it is easy to show that, for p, q G N and q < p, 

rp_,(l,2p) = roil,2{p^-q{q-l))), (32) 
rp_,(l,2p+l) = roil,2{p{p+l)-q') + l). (33) 

This shows that, for the CP"~^ model with n fixed, all possible values of r in the expression 
of the constant curvature of non-holomorphic solutions are given by 



r. 



ineven) ^ 2{p' - q{q - I)) - 1, 0<q<p<-, (34) 



n-1 



^^noaa, ^ 2ipip+l)-q'), Q < q < p < —— . (35) 
We thus get higher bounds for the values of r given by 

^L™^ - 2), rfr.''^ = ^("' - (36) 
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Let us illustrate these results by some examples: 

For CP^{n = 3), we get only one non-holomorphic solution corresponding to Piif^^"^) for 
which r = 4 (the same value as for -Po(/''^'))- For CP^{n = 4), we get one non-holomorphic 
solution corresponding to Pi{f^^^) for which r — 7 (the same value as for Poif^^^) and also, 
by embedding, the preceding one i.e. of the CP^ field with r = 4. For CP'^{n = 5), we 
have the embeddings with r = 4, 7 and two additional cases of r = 10, 12 corresponding 
to the new non-holomorphic solutions of CP''. For CP^{n = 6), we have r = 4,7,10,12 
through embeddings and two new values of r, namely, r = 13, 17 corresponding to the new 
non-holomorphic solutions. 



3 Non-holomorphic solutions for G(m, n) 

As we have said above there are very many non-holomorphic solutions. In section 2 we 
discussed a class of them obtained by applying the P+ operator defined in ([T^ . Then if we 
apply it to a holomorphic vector /i several times - we obtain vectors P]_fi. In what follows 
we shall call /i = Z^"-*. Any pair of these vectors will give us a solution of G{2, n), any triple 
a solution of G(3, n) etc. 

A generic solution Z of G{m, n), made of jti normalized independent special vectors taken 
among the set {/'■"•', P+/^"-', . . . , P""^/^"-*}, gives rise to a projector P = 'J27=o ^iPii where 
the ai take the only values and 1 and Pi acts on /^"^ as in ([^5]) . We have shown in [7] 
that, for such a generic solution, the Lagrangian density is explicitly given as 



1 " " I P« f i") |2 

^^Z) = -Y.(-^-.-a.f , (37) 

i=i \^ + J 

where an-i = 0. It may thus be written in the following compact form, using the expression 
Mi as given in ((24)) . 



n— 1 

C{Z) = -d+d- In [| ^^"-1-".)^ (38) 



In particular, if ao = ■ • • = otm-i = 1 and a„i = . . . = q:„_2 = 0, we get easily 

C{Z) = ]^d+d.\nMm, (39) 

which corresponds to an holomorphic solution of the G{m,n) model as discussed in [1]. 

In order to get constant curvature solutions of the G{m, n) sigma model, we thus have 
to require that 

n-l 

[]Mf"-^-"'^' oc(l + |0p)^ (40) 

But the Afi's are products of consecutives jP^/^"-*!^, which implies that each P_J;/(") must 
be such that 

|P^/(")|2 oc (1 + |z|2)'-'=. (41) 
For the Veronese sequence with /("^ given as in ([27| . using (p0| . we get 



i(n — i) 



d+d^lnM,= (42) 



Thus, we obtain an explicit form for the Lagrangian density, namely 

n-l 



^ n— 1 

/:(Z) = -a+5_ln(l + |z|2)'-("."), r(m,n) = ^i(n-i)(a,_i-a,0'- (43) 
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Hence, we get a solution of our Grassmannian G(rn, n) model of constant curvature IC given 

by 

/C(Z) - -i— . (44) 
r(TO, n) 

Note that for the holomorphic solution ()39p . we get 7'/i,max('Ti, n) = m(n — m) as expected 
(see (El)). 

In order to make our discussion more intuitive, let first discuss in detail the G(2, n) 
model. When we consider the case of G{2, n) we have to distinguish the cases when the two 
pl^ji"-) vectors have the corresponding /'s which differ by 1 or not. The reason for this is 
simple: the energy density of the vectors which differ by more than one is purely additive; 
it is simply a sum of energy densities of the corresponding CP"~^. 



3.1 G{2,n) 

We take now a solution of G{2, n) of the form 

where /^"^ is a holomorphic solution. 

It is easy to see that the case j > i + 1 leads to: 

£(4^ ) = £(P;/(")) + /:(Pi/("') = in (A/,+iA/,A/,+iA/,) (46) 

and the constant curvature is given as in (j44p with 

r{2,n) ^ n^j{2,n) ^ n{l,n) + rj(l,n) = 2 ((n - 1) + j(n - 1 - i) + j{n - 1 - j)) . (47) 

Next we consider the case of consecutive projectors, i.e. when j ~ i + The calculation 
of the energy gives 

= \ + ) = i^^^^M (48) 

and the constant curvature is given as in (j44|) with 

r(2, n) = ri(2, n) = 2{n - 2) + 2z(n - 2 - i). (49) 

In the holomorphic case (i = 0), formula P5|) reduces to expression p9p with m = 2 and 
we have that 

r,,,(2,n) > r,(2,n) > r^,^ax(2, n) = 2(n - 2). (50) 

Indeed, we have rij{2, n) — ri{2, n) = 2(1 + i + j{n — 1 — j)) which is clearly positive and 
the second inequality is obvious given the explicit expression of ^^(2, n). 

Furthermore (|47p can be maximized and thus we get a higher (lower) bound for the 
values of r's (curvature). We have explicitly, for n > 3, 

r(;^T'(2,n) = i(2n2-12), /^'%,{2,n) = li2n' - 10). (51) 

2 ' 2 Z 2 ' 2 Z 

To prove this we note from (47) that the maximal value of r is given by the values of i and 
j which maximise i{n — 1 — i) + j{n — 1 — j). However, for them we have to impose the 
condition that j > i + 1. It is clear that the value of i which maximises i{a — i) is given by 
I = |. However, i has to be an integer so this value can be taken for n being odd as then 
a = n — 1 is even. For n being odd the maximum value is given by the nearest integer i.e. 
for i ^ 
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As i and j have to satisfy the condition j > i + 1 we note that we have to take j ^ i + 2 
and place them as close to as possible. This, as can be easily checked, gives the values 
mentioned above. 

Note that when we compare the largest values of r obtained from two consecutive projec- 
tors with non consecutive ones the consecutive ones have a lower value. Indeed, the largest 
value of r, when n is even, corresponds to i = ^^^^ and then rmax = " ■ For odd the 

corresponding value is given by Vmax = " 2^ where i = ^3^. Thus the lowest values of the 
curvature are given by the appropriately chosen two projectors with i and j varying by 2. 

At this stage, we could illustrate the results with ri = 3, 4, 5 to see if we get the results 
of the preceding papers. 

For n = 3, we have only i = for the consecutive projectors so that ro(2, 3) = 2 (solution 
Zq I). This is in fact the holomorphic solution which corresponds to the Veronese sequence 
in CP^ = G(2, 3). Note that our results do not include the different immersions. The r = 4 
case is missing and correspond to the Pq + P2 projector which is equivalent to the Pi{f^^^) 
case in CP^ due to the isomorphism (7(2, 3) = CP^. 

For n = 4, we have « = 0, 1, 2 for the consecutive projectors (0,1), (1, 2) and (i, j) — (0, 2) 
for the others. We get ro(2,4) = 7-2(2,4) = 4, which correspond to the holomorphic solution 
z'^\. The non-holomorphic solutions appear in this case and we get ri(2,4) = 6 for Z^l] 
and ro2(2,4) = 10 for z'-q^. 

The solutions z':^\ and z'^\ correspond to the two last solutions presented in theorem 
B in [5]. The missing solution corresponding to r = 4 is the immersion of the G(2, 3) model 
discussed above. Finally, the case r = 2 in theorem B is actually the solution corresponding 
to the direct sum of CP^ ® CP^. In all cases, /C = ^ as mentioned in ([7]). 

For n = 5, we have i = 0,1,2,3 for the consecutive projectors (0,1), (1,2), (2,3) and 
{iii) = (0,2), (i,j) = (0,3), (i,j) = (1,3) for the others. The holomorphic solution is z''^\ 
and we have ro(2,5) = r3(2,5) = 6 as expected. We get four types of non-holomorphic 
solutions : Z^^l with ri(2,5) = r2(2,5) = 10, z'^^^ for ro2(2,5) = 16, z'^^^ for ro3(2,5) = 
14and Z'^'l for rig (2, 5) = 20. 



The G(3,ri) model is strongly related to the G(2,n) and G(l,n) cases. Indeed, wc have to 
distinguish three distinct cases: three isolated projectors, two consecutive projectors and 
one isolated projector and three consecutive projectors. Explicitly, we have {i < j < k) 



for (i, j, k) with j > i + 1 and k> j + l(the first case), (i, j, k) = + 1, k) with k > i + 2 
(the second case) and, finally, k) = + l,i + 2) (the third case). 
In the first case, we obtain the Lagrangian density 



3.2 G{3,n) 




(52) 



(53) 



with corresponding r given by 



rijk{3,n) 



3{n - 1) + 2i{n - 1 - i) + 2j{n - 1 - j) + 2k{n - 1 - fc). 



(54) 



For the second case. 



^(4«li,fc) ^ ^5+5_ln(M,+2A'/zMfc+iMfe), 



(55) 



and r given by 



i+i,k = 3n-5 + 2i{n - 2 - i) + 2k{n - 1 - fc). 



(56) 
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Finally, 



for 



An) ■ 1 



^(4;ii..+2) = HAh+^M,), (57) 

ri,i+i,i+2 = 3(n - 3) + 2i{n - 3 - i). (58) 



Using the fact that 

rijfc(3,n) > ri,i+i^fc(3,n) > n,i+i^i+2(3, n), (59) 
we thus get an upper bound on the value of r. Explicitly, we get 

rtlTU (3,n) = l{3n' - 38), /^''h ^(3,n) = l-{3n' - 35). (60) 

2'2'2 Z 2'2'2 Z 

This can be easily generalized to the G{m, n) model knowing the Lagrangian densities 
of the different solutions for G{k,n) for k < m. Only one case is missing, the case were we 
have the sum of m consecutive projectors. In this case, the Lagrangian density is given by 

/:(<:|i,..,,+„_i) = hau+^m,), (6i) 

with, using formula (|42|) . 

ri^i+i^...^i-i-m-i {m, n) = m[n — m) + 2i{n — m — i). (62) 

We see that for i 0, we retrieve the r corresponding to the holomorphic solution namely 
ro,...,m-i = 171(11, — m). We can get upper bounds. Indeed, we get, for n ~ m even, a 
maximum value ri^j;+i.....i+„i_i(m, n) = ■^{n^ — m?) for i = . For the odd case, we get 
the maximum value ri^j;+i.....i+„i_i(m, n) = ^{n'^ — — 1) for i ~ n-m-i ^ 

In the G{m, n) model, we can get upper bounds for the different values of r. Indeed, one 
can prove that 

r^T''^ = \ [ri^n^ - \m{Am' + 2)) , r(^,;^'^) (m, n) - 1 [mn" - ^-m{Am' - 1) 

(63) 



4 Further Comments and Conclusions 

In this paper we have generalised the results of [1] to other holomorphic immersions of S'^ 
into Grassmanians and also to some nonholomorphic immersions. Some of these results 
were obtained some time ago (see the references in [S]) but at that time the emphasis was 
on different aspects of this problem. Given the mathematical interest in 5^ immersions into 
Grassmanians [S] we thought it worthwhile to look at those 'older' expressions and rcdcrive 
them in a new setting. In particular one can use them with case to check whether some 
specific immersions have a constant curvature or not (sec our work in [T]). Thus we could 
easily generalise the discussion in [T] to the immersions into other Grassmannians. This 
problem is currently under investigation. 
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